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QED in external fields: A functional point of view
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A functional partial differential equation is set for the proper graphs generating functionals of QED in
external electromagnetic fields. This equation leads to the evolution of the proper graphs with the external field
amplitude and the external field gauge dependence of the complete fermion propagator and vertex is derived
nonperturbatively.
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The study of QED in the presence of external electromaggenerator functional and our aim will be to derive the exact
netic fields started long ago with the computation of thefunctional equation
guantum corrections to the Maxwell Lagrangigh|, for
which recent and rich studies can be found 2} We find dgI'=g[I'] 2
also among the studies of the effect of an external field the ) )
dynamical chiral symmetry breaking by a magnetic field, theffom which we can extract the evolution of the proper
magnetic catalysif3]. graphs.

In this framework, we will describe here a non- In what fO”OWS, the LOI’entZ, Dirac and SpaCE'time indi-
perturbative approach, similar to the background field methces will not be explicitly written if not necessary. We will
ods[4], which will lead us to the external field gauge depen-note “tr” the trace over Dirac indices and “Tr" the trace
dence of the full fermion propagator and the full vertex. Forover Dirac and space-time indices. The computations will be
this we will set up a functional differential equation showing done in dimensior.
the evolution of the effective actiofLegendre transform of ~ The connected graphs generator functidiglis given by
the connected graphs generator functiprneith the ampli- _ _
tude of the external field. The interesting point is that this expWyl 7,7, 1=Zg[ 7, 7.]]
differential equation is exact and thus independent of pertur-
bative expansions. =f D[A'\f,xp]exp[ifﬁ

The method described here is similar to the one given in x
[5] where the differential equation described the evolution of
the effective action with the mass scale of a scalar theory and 4 f (jA+ ¥ +¥ 7])} 3
led to the well-known one-loop effective action after integra- x
tion.

We will discuss here the dependence of the proper funcwheref,= [ d’x. We note that we do not couple the external
tions on the gauge of the external electromagnetic field anéield to the sourcg. Wy has the following functional deriva-
not of the dynamical one. The gauge dependence with reives:
spect to the dynamical field is discussed @&j. The authors

take a usual covariant gauge fixing term and show the de- 5\—N=£(iA>=iA

pendence of the proper functions on the gauge parameter. 6 Z

Here we will not write this gauge fixing term, although nec-

essary to define the path integral, so as to focus on the effects SW 1

of the external field. The Lagrangian is 5—_=z<i\1f>=i¢//
n

4

1 —
L==2F, PP+ U (ih—eA=gA™—m¥ (D)

W 5 1 i

5,z =iy
where A, is the dynamical gauge field of strengt,, and
Afj“ the classical(external electromagnetic fielde is the
QED coupling and the coupling to the external field which
is taken different frome so that it can control the amplitude
Of Aext

IL ’ . . . .

We will introduce the effective actiol’ of the model,

defined as the Legendre transform of the connected graphs

<o>=f D[A,\I_f,‘lf]Oexp[iLEHL(jAwL;\INr\I_fn)}.

*Email address: jalex@central.ntua.gr (5)
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where the expectation valy®) of an operatoi© is
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Inverting the relations betweerj,¢,7) and A,,1), we
define the effe_ctive actiohg[ A, ¢, ] as the Legendre trans-
form of W[ ], n, 7] by

wgzirg+ijx(jA+;¢+%7). (6)

From this definition we extract the following functional de-
rivatives:

or
5_A__J
sr
Sy 7
(7)
FE_ _
PR
P B (5WS -t
_—] — ——_:—I — —_— .
Sy Y Sy Sy On

The evolution equation witly of the connected graphs gen-
erator functional is, according to EG})

dgW= < J‘PAEX“P>

. L(%ewext

5 &
_wé—77 (8)

To compute the evolution of 5, one has to keep in mind

that the independent variables for this functional Era!f,A
andg. Taking Eq.(4) into account, we obtain then

, _ W 5 W
ﬁgF:—lﬁgW—lfx (997]5—;+W5—nﬁg7]+6—jo79]
C)

- L(ang + g+ Pdgm) = —idgW.

The relation(7) between the second derivatives \f, and

I'y implies then the exact functional evolution equation for

the effective action:

5—1
_F— . 10
s |

dgl" + f YA Y= Tr{ Aext< 50

We can actually write another evolution equation, which will
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5 R R -
f D[A,\If,q']mexp{ljL+|J(JA+77\P+\P77)

0 (11

which can be written

(Og*" = 3"9")(A,) — (¥ y* W) +Zj#=0.  (12)

Using the relationg4) and(7), we find then

or

EAVYA  — @yl
= I, ~ ey

5Fj‘1 |
E 50 (X,X) 7.

=(Og+"~

(13

+ie tr[
Making the scalar product witA®*!, we obtain

fAext 5F J' FEXtF'“V-i-ef wAEXt
o

=ieTr[AeXt( (S_Fi) }
Sy oY

up to a surface term. Equatiori$4) and (10) give then a
linear evolution equation for the effective actidh

1
ext v
eo'?gF j EJXF’M}FM .

Let us check that,I" is invariant with respect to an ex-
ternal gauge transformat|oAZXt—>AfLXt+ d,¢. The second
integral of the right hand side of E¢L5) is of course invari-
ant and the first one becomes after an integration by parts
where we disregard the surface term

) LAZXtaA - 00 (5A

But according to Eq(7), the additional integral vanishes

since
a#(

due to the charge conservation. Thus ELp) is gauge in-
variant, as expected.

To conclude with the effective action, we can give a gen-
eral solution of Eq(15) in terms of the proper graphs gen-
erator functional without external field.

If we take the second derivative Bfwith respect tay, we

(14)

Aext 5F

® A, (19

Aext 51—‘

“ SA, (16

ol

- | == | M=
5Aﬂ) d,i*=0, (17)

be more useful, using the equation of motion for the dynamiPPtain

cal gauge fieldA , that we now derive again as is don€[ i,
S0 as not to miss any contribution.

We can assume that the integral of a derivative vanishes,

so that

FeXtFMV

ext

(18

2
Faf = | AR a3,
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where we again disregarded the surface term. We obtain in 5 5
eneral, fom=3 G ixy)=—i——T ——|acgey 25
g (X,y) 59(%) 5¢(y)|A y=1=0 (25
e"dgl . . . .
to obtain the following evolution equation:
ST
= AS¥(x,) .. A%¥(x .
fxl...xn n X1) o' n)5A,L1(X1) ... OA, (Xn) &gG’l(x,y)=ijAZXt(z)A“(z;x,y). (26)
z
(19
) To fix the idea, we can see that the tree-level proper graphs
Then we can make the resummation G, &, and AL, verify Eq. (26) since they are given by
s ¢ GireeXY) = —ili h— gA(x) ~m] 8(x~y)
Fg=2 —rdglo (20) tree "

Aﬁee(Z;va):7“5()(_2)5()/_2)- (27)
and takeg= e, which leads to the following relation between ) ) ) .
T (with the external field and T, (without the external The evolution equation for the propagator is then obtained by

field): noticing that
3 1 ) 934G (X, =—j G Y(x,21)9,G(21,2,)G Y2y,
I'=ex jXA’e‘Xt(X)M—(m}FO+ ELF%‘F# oG T(xy) - (X,21)99G(21,2,) G *(22,Y)
g (29
+ % f F%tpg;t_ (21)  and therefore, according to E6)
X

H ext .
The integrals involving=2%' in Eq. (21) correspond to the agG(x,y)+|f AL (2)G(%,22) A (21;22,25) G(23,Y)

v Z1Z>Z:
subtraction of the kinetic contribution of the external field e

which does not enter into account in the problem. =0. (29
We recognize in Eq(21) the functional translation opera- )
tor which is the generalization of Let us now perform a gauge transformation on the exter-
nal field A%*'= A and writeA", = A +4,,¢ (we will use the
d same notations foilG and A# corresponding to the two
EXF{ Xo&) f(x)=f(x+Xo) (22)  gauges We obtain after an integration by parts where we

omit the surface term
such that we can finally write

dgG1(X,y) +i L . AL(21)G1(X,25) Af(21:22,25) G1(23.Y)
14243

- - ex 1 ext
P00 A=l gy A+ A% | Foipe

1 =i lezzgqb(zl)Gl(x,zz)&fjA‘f(zl;22,23)61(23,y).

- ext—uv

+ 4JXF,LLVFEX1' (23) (30)

Thus the effective action of the theory with an external fieldThen the use of the Ward identity

is the same functional as the one of the theory without ex- , .

ternal field (but for the bare kinetic terimtranslated by the d, AN(21,22,23) = 8(2,~21)G ™ (21,25)

vector A**' in the space of the functional variables. This _1

equivalence between the effective action with and without —8(23—-21)G " (z2,z) (3D

external field is known in the background field methddk
Let us now come back to E@L5). Its differentiation with

respect to the fields leads to the evolution of the properg,G,(x,y) —i0,,G;(x,y)

graphs. Let us take the second derivative with respegt to

leads us to

and ¢ for vanishing sources. We encounter then the vertex +if A%(2,)G1(X,22) A¥(21;25,23)G1(23,y) =0
function 212923 ©
- 32
AM ) 1 5 S r S | 32
ZX\Yy)=— < — ===
V=T e 5AL(D) syix) ouwly) A0 where

(24) ,
@xy: fx dZM[A'}"(Z)_A?L(Z)]:d)(y)_(ZS(X) (33)

and the inverse fermion propagator
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Equation(32) can also be written whereu=(x—y)/2 andv = (x+Yy)/2. We can write after an
integration by partgomitting the surface terjn
0=0g{G1(x,y)e 9%} +i f AN(Z1){Gi(x,2)e” 9%}
21273

. . AM(zy—2,—U,2;— 23+ U)
X{AM(2y:25,25)€ 199221 {Gy(25,y)e 199, (34) Ll P

We recognige here the equati(z®) _satisfied byG andA* in _ f z’faﬁlA Y(24:254 U, 25— u)e—igfizlzdzﬂAiXt(z)
the gaugeA, with the transformation law 2
G1(X,y)=Go(x,y)€' 9% (40)
A (ZX,Y)=AB(Z;x,y) €9 (350 which becomes, with the Ward identit1),

which gives the gauge dependence of the proper gr&phs
andA*. . J AM(2y—2,— U, 2y~ Z5+ )
Let us now turn to the constant field case where we know Jz
from the work by Schwingefrl] that the bare fermion propa- Cu o ext
gator is of the form =(Z4— 2z —2u*)G Y z,+u,zz—u)e 95, IFASD),
Guedx,y) =€ A OB, (x—y)  (36) “n
Taking into account Eq41), we simply obtain for the sec-

where G depends on the difference—y only and is
tree COP y ony ond integral of the right-hand side of E(R9)

gauge invariant since the gauge dependenddf, is con-
tained in the phas€36), as can be seen from E(5). With
the latter resul(35), we can take any gauge and thus will f YR D _ =
consider that the external potential is linear. We note that in 2122236( 2)A(21= 2= 0,2, 23T U) G(Z)
this case the phase can be written

) =2UrG (U, —u)=(X*—y*)G(x—y) (42

gJ’ dz“AZXt(z)= g(y“—xM)AZXt(x+y). (37
X where we used the fact thﬁtudzﬂAZXt(z)zo sinceA®*!is

We will check now that the same phase dependence for thlwear' We see now with the help of E(B7) that the terms

complete fermion propagator and vertex is consistent Witﬁ"’hiCh do not.depend only on the differenee-y cancgl in
the differential equatiori29). Let us plug Eqg. (39), leading to the consistenk - y)-dependent differ-
ential equationwe notez=x-y)

G(X,y)= eigfﬁdZ”AiXt(z)"é(x— y)
9,G(2)+i f AS(21)G(~2)

AM(Z:x,y) = 9PN DR v (z—x,2—y) 212,23

(38 i i
into Eq.(29). We obtain then, after a change of variable and XA 21=25— 5,217 23+ 5] G(23) = 0.
since the potential is linear,
(43)
Y ext ~ ~
('L dz#A,(2) |G(X—y) +dgG(x—y) Thus the ansat@38) verifies the differential equatiof29). If
we take another gauge which is not linear, the relati@b)
. oxtr = will lead us to the same conclusidB8).
- lezzzaA” (2)G(x=2,) To conclude, we stress that the linear functional differen-
tial equation(15) leads to general considerations concerning
X AM(21— 25,21~ 23)G (25— Y) the gauge dependence. This equation expresses the invari-
ance of the functional form of the effective action with re-
_ _iJ' AY(2)B(—2,) spect to a change in the external field amplitude. Its differ-
22523 1 entiation with respect to the fields leads to relations that have
_ _ to be satisfied between-point and f+1)-point proper
XA*(zy—2,—U,z21— 23+ U)G(Z3) graphs and, in this respect, these relations play a role similar
to Ward identities. More specific information concerning the
—iA%(p) G(—2y) effects of an external field on the fermion or photon dynam-
" 212525 ics (dynamical mass generation, photon splitting, electron-

~ ~ positron pair creation, etcshould be obtained with the help
XAMz3=25—u,2.-23+u)G(z3) (39  of Eq. (10) and this work is under study.
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